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Abstract
We study the squeezing of output quadratures of an electro-magnetic field escaping from a res-
onator coupled to a general quantum system with arbitrary interaction strengths. The generalized
theoretical analysis of output squeezing proposed here is valid for all the interaction regimes of
cavity-quantum electrodynamics: from the weak to the strong, ultrastrong, and deep coupling
regimes. For coupling rates comparable or larger then the cavity resonance frequency, the stan-
dard input-output theory for optical cavities fails to calculate the correct output field-quadratures
and predicts a non-negligible amount of output squeezing, even if the system is in its ground state.
Here we show that, for arbitrary interactions and cavity-embedded quantum systems, no squeezing
can be found in the output-field quadratures if the system is in its ground state. We also apply
the proposed theoretical approach to study the output squeezing produced by: (i) an artificial
two-level atom embedded in a coherently-excited cavity; and (ii) a cascade-type three-level system
interacting with a cavity field mode. In the latter case the output squeezing arises from the virtual
photons of the atom-cavity dressed states. This work extends the possibility of predicting and
analyzing continuous-variable optical quantum-state tomography when optical resonators interact
very strongly with other quantum systems.
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I. INTRODUCTION
Recently, a new regime of cavity quantum electrodynamics (QED) has been experimen-
tally reached in different solid state systems and spectral ranges [1–8]. In this so-called
ultrastrong coupling (USC) regime, where the light-matter coupling rate becomes an appre-
ciable fraction of the unperturbed resonance frequency of the system, the routinely invoked
rotating wave approximation (RWA) is no longer applicable and the antiresonant terms
significantly change the standard cavity-QED scenarios [9–18].
It has been shown that, in this USC regime, the correct description of the output photon
flux, as well as of higher-order Glauber’s normal-order correlation functions, requires a
proper generalization of the input-output theory for resonators [13]. The Application of the
standard input-output picture to the USC regime would predict an unphysical continuous
stream of output photons for a system in its ground state |G〉. This result stems from the
finite number of photons which are present in the ground state due to the counter-rotating
terms in the interaction Hamiltonian [19]. Specifically, it has been shown [13, 20] that
the photon rate emitted by a resonator and detectable by a photo-absorber is no longer
proportional to 〈aˆ†(t)aˆ(t)〉 (as predicted by the standard input-output theory), where aˆ and
aˆ† are the photon destruction and creation operators of the cavity mode, but to 〈xˆ−(t)xˆ+(t)〉,
where xˆ+(t) is the positive frequency component of the quadrature operator xˆ(t) = aˆ(t) +
aˆ†(t) and xˆ−(t) = (xˆ+(t))†. This result shows that the excitations which are present in the
ground state |G〉, determining 〈G|aˆ†(t)aˆ(t)|G〉 6= 0, actually do not correspond to physical
observable particles. Only when the coupling rate is much smaller than the transition
energies of the bare subsystems, then xˆ+ → aˆ. This situation displays interesting connections
with quantum field theory where the creation and annihilation operators, present, e.g., in the
Hamiltonian and Lagrangian of QED, describe the creation and destruction of bare particles
which, however, cannot be directly observed in experiments. Physical particles in quantum
field theory, due to the interaction terms in the Lagrangian, are actually surrounded by
clouds of virtual particles. Moreover, as in quantum field theory, in the USC regime, the
total number of excitations in the cavity-emitter system is not preserved.
Direct photon counting experiments provide information about the mean photon number
and higher-order normal-order correlations. However a complete quantum tomography of the
electro-magnetic field (see, e.g., [21]) requires phase-sensitive measurements which are based
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on homodyne or heterodyne detection [22, 23]. These techniques enable the measurements
of the mean field quadratures and their variance, e.g., 〈xˆ〉 and 〈xˆ2〉 − 〈xˆ〉2.
In a coherent state of an electro-magnetic field mode, the quantum fluctuations of two
field-quadratures Qˆ1 and Qˆ2 with [Qˆ1, Qˆ2] = 1 are equal (∆Qˆ1 = ∆Qˆ2 = 1 where ∆Qˆi =
〈Qˆ2i 〉 − 〈Qˆi〉2) and minimize the uncertainty product given by Heisenberg’s uncertainty re-
lation ∆Qˆ1 ∆Qˆ2 = 1 (we use h¯ = 1). These zero-point fluctuations represent the standard
quantum limit to the reduction of noise in a signal. Other minimum uncertainty states are
possible, and these occur when fluctuations in one quadrature are squeezed at the expense of
increased fluctuations in the other one [24]. Light squeezing can be realized in various non-
linear optical processes, such as parametric down-conversion, parametric amplification, and
degenerate four-wave mixing [25–28] or in presence of time-dependent boundary conditions
[29–32]. Squeezed states of light belong to the class of nonclassical states of light. Having
a less noisy quadrature, squeezed light has applications in optical communication [33] and
measurements [33–37] and is a primary resource in continuous variable quantum information
processing[35]. Squeezing of the electromagnetic field has been achieved in a variety of sys-
tems operating in the optical and microwave regimes. A noise reduction of -10 dB (-13 dB
is the estimation of squeezing after correction for detector inefficiency) achieved in the ex-
periment [38]. More recently, a few experiments with superconducting circuits [31, 39] have
demonstrated the possibility of obtaining much stronger squeezing in microwave fields [40].
In the atom-cavity coupled system, the squeezing effect has been usually studied by using
the rotating-wave approximation [41–45].
Here we present a theory of quadrature measurements of the output field escaping from
a resonator coupled to a generic matter system with arbitrary interaction strength, and we
apply it to the analysis of squeezing. While in the ultrastrong coupling regime the positive
frequency component xˆ+ is different from aˆ, the quadrature operator xˆ = aˆ+ aˆ† = xˆ+ + xˆ−
is independent of the light-matter interaction strength. Hence, at a first sight, one may
expect that, in contrast to Glauber’s correlation functions, quadrature measurements can
be analyzed by applying the standard input-output theory [46, 47]. Here we show that this is
not the case. Application of the standard input-output picture to the analysis of quadrature
measurements in the ultrastrong coupling regime leads to incorrect results.
We apply the theoretical framework here developed to the case of a coherently-excited
cavity interacting with an artificial two-level atom. We also analyze the output squeezing
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from a resonator interacting with a cascade-type three-level system. In the latter case, the
output squeezing arises from the virtual photons carried by the atom-cavity dressed states.
We also analyze the output field-quadratures for a system in its ground state. It is know
that the ground state of a system in the ultrastrong coupling regime is a squeezed vacuum
state, where the amount of squeezing depends on the coupling strength and on the detuning
between the cavity mode and the matter system resonances. Recently, a correlation-function
analysis of the quadratures of microwave fields has been exploited for measurements of
vacuum fluctuations and weak thermal fields [48]. Hence the question arises if it is possible
to detect such vacuum squeezing.
In harmonic interacting systems described by time-independent Hamiltonians, it has been
shown that it is not possible to detect any squeezing from a system in the vacuum state [49,
50] or under coherent driving . This result can be understood considering that the physical
quanta that can be detected are polaritons, hybrid Bosonic particles which do not display
any squeezing, and not the bare photons which can display squeezing. Of course, it is
not surprising that, though strongly interacting, harmonic systems which can be described
just as a collection of noninteracting harmonic oscillators do not display squeezing in the
vacuum state or when coherently excited. Generally speaking, the appearance of detectable
nonclassical correlations requires systems subject to some degree of nonlinearity or a time-
dependent Hamiltonian. The simple system composed by a qubit coupled to a resonator
in the ultrastrong coupling regime is highly anharmonic, hence we may ask if its ground
state can give rise to any detectable squeezing in the output field. Here we demonstrate
that for arbitrary cavity-embedded quantum systems, independently on the coupling rate,
no squeezing can be found in the output field quadratures if the system is in its ground
state.
II. SQUEEZING OF THE GROUND STATE OF THE RABI HAMILTONIAN
The Hamiltonian of the quantum Rabi model (h¯ = 1) [51, 52] is given by
HˆR = ωc aˆ
†aˆ+
ωq
2
σˆz + ΩR
(
aˆ† + aˆ
)
σˆx , (1)
where aˆ and aˆ† are, respectively, the annihilation and creation operators for the cavity field
of frequency ωc. The Pauli matrices are defined as σˆz = |e〉〈e| − |g〉〈g| and σˆx = σˆ+ + σˆ− =
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|e〉〈g| + |g〉〈e|, in terms of the atomic ground (|g〉) and excited (|e〉) states. The parameter
ωq describes the transition energy of the two-level system and ΩR is the coupling energy
between the atomic transition and the cavity field.
Owing to the presence of the so-called counter-rotating terms, aˆσˆ− and aˆ†σˆ+, in the Rabi
Hamiltonian, the operator describing the total number of excitations, Nˆ = aˆ†aˆ+ |e〉〈e|, does
not commutes with HˆR and as a consequence the eigenstates of HˆR do not have a definite
number of excitations [19]. For instance the resulting ground state is a superposition of an
even number of excitations,
|G〉 ≡ |0˜〉 =
∞∑
k=0
(c0˜g,2k|g, 2k〉+ c0˜e,k|e, 2k + 1〉) , (2)
where the second entry in the kets provides the photon number (see, e.g., Refs. [19, 20]).
When the coupling rate ΩR is much smaller than the bare resonance frequencies of the two
subsystems ωc and ωq, only c
0˜
g,0 is significantly different from zero and the ground state
reduces to |0˜〉 ' |g, 0〉, which is that of the Jaynes-Cummings model, derived from the
Rabi Hamiltonian after dropping the counter-rotating terms. When the coupling rate ΩR
approaches and exceed 10% of the bare frequencies of the subsystems (ultrastrong coupling
regime), contributions with k 6= 0 in Eq. (2) become not negligible. One consequence is
that the mean photon number in the ground state 〈0˜|aˆ†aˆ|0˜〉 becomes different from zero.
Moreover, the ground state displays a certain amount of photon squeezing. Considering the
intracavity-field quadrature qˆ2 = i(aˆ
† − aˆ), its variance s2 = 〈0˜|qˆ22|0˜〉 − 〈0˜|qˆ2|0˜〉2 (notice that
〈0˜|qˆ2|0˜〉 = 0) turns out to be below the standard quantum limit value 1.
Figure 1 displays the numerically calculated s
(n)
2 = s2− 1 as a function of the normalized
coupling ΩR/ωc and detuning ∆/ωc = (ωq − ωc)/ωc. For small values of the normalized
coupling, the variance approaches the standard quantum limit. Increasing ΩR/ωc, the vari-
ance decreases below the standard quantum limit, reaching a lowest value of about −0.35,
at ΩR/ωc ' 1.05 and at a positive detuning ∆/ωc ' 0.76. Further increasing the coupling,
expecially at zero and negative detuning, results into an increase of the variance s2, caused
by quite large contributions in |0˜〉 of terms with an odd number of photons.
In the next section we will show that such a ground-state squeezing does not give rise to
an observable output squeezing.
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FIG. 1. (Color online) Normally-ordered variance s
(n)
2 = s2 − 1 of the cavity-field quadrature
xˆ2 = i(aˆ
† − aˆ), calculated in the ground state |0˜〉 of the Rabi Hamiltonian, as a function of the
normalized coupling rate ΩR/ωc and cavity-atom detuning ∆/ωc = (ωq − ωc)/ωc.
III. OUTPUT FIELD QUADRATURES
According to the input-output theory for general localized quantum systems interact-
ing with a propagating quantum field, the output field operator can be related through a
boundary condition to a system operator and the input field operators [53]. In order to be
specific, we consider the case of a system coupled to a semi-infinite transmission line [53],
although the results obtained can be applied or extended to a large class of systems. While
the resonator can be ultrastrongly coupled to a localized quantum system, its interaction
with the propagating quantum field (e.g., the transmission line) is weak. To derive the input-
output relations we couple the system to a quantum field made of an assembly of harmonic
oscillators. The total Hamiltonian of the system can be written as
Hˆ = HˆS + HˆF + HˆSF, (3)
where HˆS and HˆF are the system and field Hamiltonian and where the interaction between
the system and the field can be expressed in the rotating wave approximation as
HˆSF = i
∫ ∞
0
dω k (ω)
√
vh¯ω
2
[
Xˆ−bˆ (ω)− Xˆ+bˆ† (ω)
]
, (4)
where v is the speed of the travelling field, e.g., the speed of light in the transmission
line. In the above equation, bˆ (ω) is the annihilation operator for the harmonic oscillators
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that describe the field, Xˆ+ and Xˆ− are the positive and negative frequency components
of the generic system operator Xˆ coupled to the field. These components can be obtained
expressing Xˆ in the eigenvectors basis of HˆS as Xˆ
+ =
∑
i<j Xij |i〉〈j|, and Xˆ− = (Xˆ+)†.
Here the eigenstates of HˆS are labeled according to their eigenvalues such that ωk > ωj for
k > j. We observe that the rotating wave approximation used in Eq. (4) is based on the
separation into positive and negative frequency operators of the system operator Xˆ after
the system diagonalization. The standard RWA is instead based on the separation into bare
positive (destruction) and negative (creation) components of the field operator coupled to
the external modes, without including its interaction with other components of the system.
The positive frequency component of the input and output fields can be written as
Aˆ+in(out) (t) =
1
2
∫ ∞
0
dω
√
h¯
piω
bˆ (ω, t′) e−iω(t−t
′) , (5)
while the negative frequency component Aˆ−in(out) =
(
Aˆ+in(out)
)†
, so that Aˆin(out) (t) =
Aˆ+in(out) (t) + Aˆ
−
in(out) (t), in which t
′ < t (the input) is an initial time and t′ > t (the
output) is assumed to be in the remote future [53]. Formally solving the Heisenberg equa-
tions of motion for bˆ(ω), the input-output relations for the positive and negative components
of the fields can be obtained [20]
Aˆ±out (t) = Aˆ
±
in (t)− γXˆ± (t) , (6)
where for the sake of simplicity the first Markov approximation, k(ω) =
√
2γ/pi, has been
adopted. However, the present analysis can be easily extended beyond these approximation.
Equation (6) shows that the positive frequency output operator can be expressed in terms
of the positive frequency input operator and the positive frequency system operator coupled
to the propagating field. If the system consists of an empty single-mode resonator, then
Xˆ+ ∝ aˆ, being aˆ the destruction operator of the cavity mode. If instead the cavity mode is
coupled to another quantum system, e.g., an atom, Xˆ+ will be different from aˆ, and may also
contain contributions from aˆ†. In this case, the positive component of the output field may
contain contributions from the creation cavity operators, in contrast to ordinary quantum
optical input-output relationships [25, 47].
We define the output quadrature operators Qˆ1 (t) and Qˆ2 (t) as
Qˆ1 (t) = Aˆ
+
out (t) e
−iΓ(t) + Aˆ−out (t) e
iΓ(t)
Qˆ2 (t) = −i
[
Aˆ+out (t) e
−iΓ(t) − Aˆ−out (t) eiΓ(t)
] (7)
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so that
Aˆ±out (t) =
1
2
[
Qˆ1 (t)± iQˆ2 (t)
]
eiΓ(t) (8)
where Γ(t) = Ωt + ϕ, Ω and ϕ are the reference frequency and phase, respectively. It is
possible to pass from one quadrature to the other applying a pi/2 rotation.
By solving the Heisenberg equations for the field operators bˆ(ω) and using Eq. (5), we
obtain the following commutation relation between any system variable Yˆ (t) and the input
fields Aˆ±(t) [
Yˆ (t) , Aˆ±in (s)
]
=
√
γ u (t− s)
[
Yˆ (t) , Xˆ± (s)
]
, (9)
where u (t− s) is egual to 1 if t > s, 1
2
if t = s, 0 if t < s. Making use of the input-output
relations (6) and of the commutation relations (9) we can proceed to calculate the output
field quadrature variances Si (t, τ) = 〈Qˆi (t) , Qˆi (t+ τ)〉 in terms of correlation functions
involving only input operators or system operators (here we used 〈Aˆ, Bˆ〉 = 〈AˆBˆ〉−〈Aˆ〉〈Bˆ〉).
Considering an input in a vacuum or a coherent state, the field-quadrature variances can be
expressed as
S1 (t, τ) = γ
[
T 〈Xˆ+(t+ τ), Xˆ+(t)〉e−2iΓ(t) + T 〈Xˆ−(t), Xˆ−(t+ τ)〉e2iΓ(t) + 〈Xˆ−(t+ τ), Xˆ+(t)〉
+ 〈Xˆ−(t), Xˆ+(t+ τ)〉
]
+ 〈Aˆ+in(t), Aˆ−in(t+ τ)〉 , (10)
where T is the time-ordering operator such that rearranges creation operators in forward
time and annihilation operators in backward time order. To obtain S2 we can apply a pi/2
rotation to Eq. (10) substituting θ → θ+ pi/2. For equal-time correlation functions (τ = 0),
we have
S1 (t) = γ
[
〈Xˆ+(t), Xˆ+(t)〉e−2iΓ(t) + 〈Xˆ−(t), Xˆ−(t)〉e2iΓ(t) + 2〈Xˆ−(t), Xˆ+(t)〉
]
+〈Aˆ+in(t), Aˆ−in(t)〉 . (11)
The last term in Eq. (11) 〈Aˆ+in, Aˆ−in〉 describes the quantum noise of the input port in the
vacuum state. If in addition the system is in its ground state |G〉, Xˆ+(t)|G〉 = 0 (of course,
in this case we consider a vacuum input), the output noise coincides with the input one,
S1 (t) = 〈Aˆ+in(t)Aˆ−in(t)〉.
From Eq. (11) we can formulate the following general statement: Any open system in
its ground state, i.e., Xˆ+ |0〉 = 0, does not display any output squeezing (even if its ground
state is a squeezed state). This absence of output ground-state squeezing has been previously
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shown in different interacting harmonic systems. Equation (11) holds for general open quan-
tum systems, independently their composition in subsystems and the degree of interaction
among the different subsystems. In order to compare this result with previous descriptions
for optical resonators, we consider the case where Xˆ describes the field of a single-mode
cavity: Xˆ = X0xˆ = X0(aˆ + aˆ
†). Here X0 denotes the zero-point fluctuation amplitude of
the resonator. Equation (11) can be expressed as
S1 (t) = γX
2
0
[〈xˆ+(t), xˆ+(t)〉e−2iΓ(t) + 〈xˆ−(t), xˆ−(t)〉e2iΓ(t) + 2〈xˆ−(t), xˆ+(t)〉]
+〈Aˆ+in(t), Aˆ−in(t)〉 . (12)
If the interaction of the resonator with other quantum systems is not in the USC regime,
xˆ+ = aˆ and xˆ− = aˆ†. The noise reduction with respect to the vacuum input can be expressed
in terms of the following normally-ordered variance
S
(n)
i (t) =
Si (t)− 〈Aˆ+in(t), Aˆ−in(t)〉
γX20
(13)
For a resonator not in the USC regime, an ideally squeezed quadrature corresponds to
S
(n)
i = −1, while for a resonator in the ground state S(n)i = 0.
IV. SQUEEZING OF OUTPUT FIELD-QUADRATURES IN THE USC REGIME
Here we apply the theoretical framework developed in Sect. III to study the output field-
quadrature variances in single-atom USC cavity-QED systems. We first consider the case
of a flux qubit artificial atom coupled to a λ/2 superconducting transmission-line resonator,
when the frequency of the resonator is near one-half of the atomic transition frequency
(see Fig. 2). Recently it has been shown [54] that this regime can strongly modify the
concept of vacuum Rabi oscillations, enabling two-photon exchanges between the qubit and
the resonator. Here we show that such configuration can provide a very large amount of
squeezing although the system has only one artificial atom and displays a moderate coupling
rate ΩR/ωc ∼ 0.1. Then, we will study the output squeezing of a cascade three-level system
where only the upper transition is coupled to the optical resonator.
In order to describe a realistic system, the dissipation channels need to be taken into
account. For this reason all the dynamical evolutions displayed below have been numerically
calculated solving the master equation ˙ˆρ(t) = i[ρˆ(t), H] +
∑
i Liρˆ(t) [20, 55, 56], where Li
10
is a Liouvillian superoperator describing the cavity and atomic system losses (see Appendix
A). All calculations have been carried out by considering zero temperature reservoirs.
A. Two-photon Rabi oscillations
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FIG. 2. (a) Sketch of a cavity-embedded two-level system. (b) Frequency differences with respect
to the ground state: ωk˜0˜ = ωk˜ − ω0˜ for the lowest-energy dressed states of Hˆ ′R as a function of the
qubit transition frequency ωq/ωc. We consider a normalized coupling rate ΩR/ωc = 0.15 between
the qubit and the resonator. In correspondence of the avoided level crossing (at ωq ≈ 2ωc) a
Gaussian pulse is sent with central frequency in the middle of the two split transition energies
(black arrow).
We now consider a flux qubit ultrastrongly coupled to a coplanar resonator [2] (see Fig. 2).
In this system both the number of excitations and parity symmetry are no longer conserved
and transitions which are forbidden in natural atoms become available [57]. This paves the
way to anomalous vacuum Rabi oscillations, where two or more photons are jointly and
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reversibly emitted and reabsorbed by the qubit [54, 58].
This quantum circuit can be described by the following extended Rabi Hamiltonian [2]
Hˆ ′R = ωc aˆ
†aˆ+ ωqσˆ+σˆ− + ΩR
(
aˆ† + aˆ
)
(cos θ σˆx + sin θ σˆz). (14)
The angle θ as well as the qubit resonance frequency depend on the flux offset δΦq ≡
Φext − Φ0, where Φext is the external magnetic flux threading the qubit and Φ0 is the flux
quantum. A flux offset δΦq = 0 implies θ = 0. In this case H
′
R reduces to the standard
Rabi Hamiltonian (1). We choose the labelling of the eigenstates |˜i〉 and eigenvalues ωj˜ of
H ′R such that ωk˜ > ωj˜ for k˜ > j˜.
The lowest eigenenergy offsets with respect to the ground energy ωj˜ −ω0˜ as a function of
the qubit transition frequency ωq are shown in Fig. 2. Looking at the numerically calculated
eigenvectors, the first excited state, |1˜〉, contains a dominant contribution from the bare state
|g, 1〉, (|1˜〉 ' |g, 1〉). The figure also shows an avoided crossing when ωq ≈ 2ωc. The splitting
can be attributed to the resonant coupling of the states |e, 0〉 and |g, 2〉, although the USC
regime implies that the resulting dressed states |2˜〉 and |3˜〉 contain also small contributions
from other bare states, as |g, 1〉 and |e, 1〉. This splitting cannot be found in the rotating
wave approximation, where the coherent coupling between states with a different number of
excitations is not allowed, nor does it occur with the standard Rabi Hamiltonian (θ = 0).
We consider a system initially in the ground state. Excitation occurs by direct optical
driving of the qubit via a microwave antenna. The corresponding driving Hamiltonian is
Hˆd = E(t) cos(ωt)σˆx , (15)
where E(t) = A exp [−(t− t0)2/(2τ 2)]/(τ
√
2pi) describes a Gaussian pulse. Here A and τ are
the amplitude and the standard deviation of the Gaussian pulse, respectively. We consider
the zero-detuning case, corresponding to the minimum energy splitting 2Ωeff in Fig. 2b. The
central frequency of the pulse has been chosen to be in the middle of the two split transition
energies: ω = (ω3˜ + ω2˜)/2 − ω0˜. If τ is much smaller than the effective Rabi period,
τ  TR = 2pi/Ωeff , the driving pulse is able to generate an initial superposition with equal
weights of the states |2˜〉 and |3˜〉, which will evolve displaying two-photon quantum vacuum
oscillations [54]. Figure 3a displays the resulting qubit population (red dashed curve) and
mean photon number (blue continuous) after a pulsed excitation with an effective pulse area
A = pi/3. Figure 3b shows the normally ordered variance of the two orthogonal output field
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quadratures S
(n)
1 (blue continuous curve) and S
(n)
2 (dotted red). Both the two quadratures
display a significant amount of squeezing when the mean photon number is maximum. It is
interesting to see that the periodicity of the two variances is twice the Rabi period TR. This
can be understood noticing that after the excitation, the quantum state is a superposition
of the ground state |0˜〉 and the excited states |2˜〉 and |3˜〉. After one Rabi oscillation, the
excited states acquire a pi phase shift. A second Rabi oscillation is needed to recover the
initial phase. The dynamics of the corresponding variances (not shown here) calculated by
using aˆ and aˆ†, instead of xˆ+ and xˆ−, are affected by fast oscillations.
This periodic and alternating squeezing of the two quadratures can be better understood
by a simplified effective model assuming that
|2˜〉 ' 1√
2
(|e, 0〉+ |g, 2〉) ,
|3˜〉 ' 1√
2
(|e, 0〉 − |g, 2〉) . (16)
Considering the qubit initially prepared in the superposition state |ψ(t = 0)〉 = α|g, 0〉 +
β|e, 0〉 (with |α|2 + |β|2 = 1), the resulting time evolution of the system state is, to a good
approximation,
|ψ(t)〉 = α|g, 0〉+ β [cos (Ωefft)|e, 0〉+ sin(Ωefft)|g, 2〉] , (17)
where 2Ωeff is the minimum energy splitting in Fig. 2b. At t = pi/(2Ω), the resulting state
is |g〉(α|0〉 + β|2〉), which is a squeezed photon state, reaching a maximum squeezing for
α ' 1/3.
B. Cascade three-level system
We consider a three-level (|s〉, |g〉 and |e〉) atom-like system with the upper transition
(|g〉 ↔ |e〉) ultrastrongly coupled with a mode of the resonator and a lower transition which
does not interact with the resonator, as schematically shown in Fig. 4. The peculiar optical
properties of this system have been analyzed calculating the dynamics of the populations
and of normal-order correlation functions [15, 59, 60]. The system Hamiltonian is
Hˆ = ωcaˆ
†aˆ+
∑
α=s,g,e
ωασˆαα + ΩR(aˆ+ aˆ
†)(σˆeg + σˆge) , (18)
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FIG. 3. (Color online) (a) Temporal evolution of the cavity mean photon number 〈Xˆ−Xˆ+〉 (blue
continuos curve) after the arrival of a Gaussian pulse exciting the qubit. The pulse has an affective
area pi/3 and central frequency (ω3˜ + ω2˜)/2. (b) Time evolution of the normally-ordered variances
S
(n)
1 (t) (blue continuos curve) and S
(n)
2 (t) (red dashed curve). Here, the resonator and qubit
damping rates are γc = γq = 1.8× 10−4ωc. The yellow background shows the region with squeezed
states.
where ωα (α = s, g, e) are the bare frequencies of the atom-like relevant states, and σαβ =
|α〉〈β| describes the transition operators (projection operators if α = β) involving the levels
of the quantum emitter. The Hamiltonian can be separated as Hˆ = HˆR + Hˆs, where HˆR
is the well known Rabi Hamiltonian, Eq. (1), and Hˆs = ωsσˆss. As a consequence, the total
Hamiltonian is block-diagonal and its eigenstates can be separated into a non-interacting
sector |s, n〉, with energy ωs + nωc, where n labels the cavity photon number, and into
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FIG. 4. (Color online) (a) Sketch of a cavity-embedded three-level system. Only the upper transi-
tion |g〉 ↔ |e〉 interacts with the cavity mode. The lowest energy state of the three-level system is
|s〉. (b) Energy spectrum of Hˆ as a function of the coupling strength ΩR/ωc, with ωgs = 3.5ωc and
ωeg = ωc. The red horizontal lines represent the non-interacting states |s, n〉, the blue curve is the
lowest-energy atom-cavity dressed state |0˜〉. The black arrows indicate the transitions stimulated
by the driving pulses.
dressed atom-cavity states |j˜〉, resulting from the diagonalization of the Rabi Hamiltonian.
We consider the system initially prepared in the |0˜〉 state. Preparation can be accomplished
by simply exciting the system initially in the ground state |s, 0〉 with a pi pulse of central
frequency ω0˜−ωs. Then the qubit is excited by two additional pulses with central frequencies
ω1 = ω0˜ − 2ωc and ω2 = ω0˜ − ωs. The driving Hamiltonian is
Hˆd = [E1(t) cos(ω1t) + E2(t) cos(ω2t)] (σˆgs + σˆsg) , (19)
where E1,2(t) = A1,2 exp [−(t− t0)2/(2τ 2)]/(τ
√
2pi) describes Gaussian pulses. While the
transition |0˜〉 → |s, 0〉 is allowed in the weak-coupling regime or even in the absence of a
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resonator, the matrix element for the transition |0˜〉 → |s, 2〉 vanishes for a zero coupling rate
and is negligible until ΩR reaches at least 10% of ωc. Specifically:
〈s, 0|(σˆgs + σˆsg)|0˜〉 = c0˜g,0 ,
〈s, 2|(σˆgs + σˆsg)|0˜〉 = c0˜g,2 . (20)
In order to obtain a quantum superposition cosφ|s, 0〉 + sinφ|s, 2〉 via the dressed vacuum
state |0˜〉, the pulse amplitudes have to satisfy the following relationship: A1c0˜g,0/A2c0˜g,2 =
tanφ. In order to obtain large squeezing, we choose the driving amplitude such that tanφ ≈
√
2/2, corresponding to the angle where squeezing for this superposition state is maximal.
Figures 5(a) and 5(b) display the time evolution of the variances S
(n)
2 calculated with the
standard operators (xˆ+ = aˆ), while Fig. 5(c) displays the time evolution of the variances S
(n)
1
(blue curve) and S
(n)
2 (red curve) using the correct positive and negative field operators. The
behavior of S
(n)
2 (t) in Fig. 5(a) starts with a fictitious value less than zero, while in Fig. 5(c)
correctly starts from 0. The variance S
(n)
2 in Fig. 5(a) has been calculated by using the
reference frequency Ω = 0. Figure 5(b) has been obtained by using Ω = ωc. These different
choices show that it is not possible to eliminate fast and large-amplitude fictitious oscillations
within the standard approach. Figure 5(c) has been obtained with Ω = ωc.
V. CONCLUSIONS
We have derived a generalized theory of the output field-quadrature measurements and
squeezing in cavity-QED systems, valid for arbitrary cavity-atom coupling rates. In the
USC regime, where the counter-rotating terms cannot be ignored, the standard theory pre-
dicts a large amount of squeezing in the output field, even when the system is in its ground
state. Here we have shown that, in this case, no squeezing can be detected in the output
field-quadratures, independently of the system details. We have applied our theoretical ap-
proach to study the output squeezing produced by an artificial two-level atom embedded
in a coherently excited cavity. We also studied the output field-quadratures from a cavity
interacting in the USC regime with the upper transition of a cascade-type three-level sys-
tem. The numerical results have been compared with the standard calculations of output
squeezing. The approach proposed here can be directly applied also to resonators displaying
ultrastrong optical nonlinearities [61]. This work extends the possibilty of predicting and
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FIG. 5. (Color online) Time evolution of the normally-ordered variances S
(n)
i for a system initially
prepared in the lowest-energy dressed state |0˜〉. The qubit is excited by two pulses with central
frequencies ω1 = ω0˜ − 2ωc and ω2 = ω0˜ − ωs, at the time γ0t1 = 2.6× 10−2 and γ0t2 = 3.8× 10−2,
respectively, and with amplitude such that tanφ ≈ √2/2. The damping rates are γc = γeg =
γgs = 2 × 10−4ωc, and the coupling constant is ΩR = 0.4ωc. Other parameters are the same in
Fig. 4. (a, b) The variances S
(n)
2 are calculated using standard operators with reference frequency
(a) Ω = 0 and (b) Ω = ωc. (c) The variances S
(n)
1 (blue upper curve) and S
(n)
2 (red lower curve)
are calculated using the correct positive and negative operators for reference frequency Ω = ωc.
analyzing output-field correlations when optical resonators interact very strongly with other
17
quantum systems.
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Appendix A: MASTER EQUATION
In the ultrastrong coupling regime, owing to the high ratio ΩR/ωc, the standard approach
fails to correctly describe the dissipation processes and leads to unphysical results as well.
In particular, it predicts that even at T = 0, relaxation would drive the system out of its
ground state |G〉 generating photons in excess to those already present.
The right procedure that solves such issues consists in taking into account the atom-cavity
coupling when deriving the master equation after expressing the Hamiltonian of the system
in a basis formed by the eigenstates |j〉 of the Rabi Hamiltonian HˆR. The dissipation baths
are still treated in the Born-Markov approximation. Following this procedure it is possible
to obtain the master equation in the dressed picture [56]. For a T = 0 reservoir, one obtains:
ˆ˙ρ(t) = −i
[
HˆS, ρˆ(t)
]
+ Laρˆ(t) + Lxρˆ(t) . (A1)
Here La and Lx are the Liouvillian superoperators correctly describing the losses of the
system where Lsρˆ(t) =
∑
j,k>j Γ
jk
s D[|j〉〈k|]ρˆ(t) for s = a, σ− and D[Oˆ]ρˆ = 12(2OˆρˆOˆ†−ρˆOˆ†Oˆ−
Oˆ†Oˆρˆ). In the limit ΩR → 0, standard dissipators are recovered.
The relaxation rates Γjks = 2pids(∆kj)α
2
s(∆kj)
∣∣Csjk∣∣2 depend on the density of states of the
baths ds(∆kj) and the system-bath coupling strength αs(∆kj) at the respective transition
frequency ∆kj ≡ ωk−ωj as well as on the transition coefficients Cjk = 〈j|sˆ+sˆ†|k〉 (sˆ = aˆ, σˆ−).
These relaxation coefficients can be interpreted as the full width at half maximum of each
|k〉 → |j〉 transition. In the Born-Markov approximation the density of states of the baths
can be considered a slowly varying function of the transition frequencies, so that we can
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safely assume it to be constant as well as the coupling strength.
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